GENERALISED DIRICHLET-TYPE DISTRIBUTIONS
G.S. LINGAPPAIAH"

SuMMARY

| Series of independent life tests based on exponential
model are considered. The distribution of a linear combina- .
tion of spacings (LCOS) as well as the distribution of the

sum of LCOS are used to develop new distributions which
are generalised Dirichlet-type distributions.

l. INTRODUCTION

Dirichlet distribution in its elementary form as well
as in generalised forms is extensively discussed by many
authors. For example, Aitcheson [1] uses gamma distribu-
tion to develop Dirichlet distribution. Yassaee [14] uses
the same to develop inverted form of the Dirichlet distri-
bution. Connor and Mosimann [2]tdevelop the generalised
Dirichlet distribution starting from the classical beta
distribution of the first kind, and introduce the concept
of "neutrality”. Lochner [11] uses the same generalised
Dirichlet distribution as an application to life tests
using the idea of "force of mortality." Lingappaiah [8]
introduces the inverted form of the generalised Dirichlet
distribution, using beta distribution of the second kind.
Darroch and James [3] introduce "F-independence" and suggest
that Dirichlet distribution is by far the best example of
F-independence. Darroch and Redcliff [5] discuss this
F-independence as related to fingerprint analysis. 1Insti-
tute of Mathematical Statistics Tables [6] give the proba-

bility integrals of the Dirichlet variables and Yassaee [15]
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gives the probability integral for the inverted Dirichlet
distribution along with computer programmes and applica-
tions. In this paper, first, the idea of independence 6f
spacings in the exponential case is made use of. Firstly,
the distribution of a linear combination of spacings (LCOS)
is considered. Ratio of two such I.COS in a life test is
taken up and then considering a set of p independent life
tests, a distribution dealing with the functions of these
ratios, is obtained, which turns out to be a generalised
Dirichlet distribution. Next, the distribution of the sum
of LCOS within a life test is considered. Again, another
distribution involving the ratios of theses sums, in a
series of life tests is developed which also turns out to
be another generalised Dirichlet-type distribution. In
both the above developments, some special cases are con-
sidered where either only spacings are considered or the
ristricted ranges (difference between the largest and the

smallest of the available observations) are considered.

2. DISTRIBUTION OF THE RATIOS OF LCOS

Consider a life test based on the exponential model

f(x) = 6 exp(-6x), 6 > 0O, x > O. (1)

Let n items be put on test and X(4) denote the i-th life
(i-th order statistics in a sample of size n). Then it is
well known that the spacings x(i)—x(i—l) = Vv, 1i=1,2; s 400
are independent and vy has the distribution

£(vy) = (n-i+l)e exp [-(n-i+l)e v ]. (2)
Now, consider a linear combination of spacings (LCOS)
n-s.
i
u, = b b.v., b. » O
j=r,+2 7 1

(3)



Now by finding the characteristic function of uy . using

(2) and inverting, we get the probability density of u; as
' a,
_ i a,
f(u,) = E; . io (-1) ~o| exp(-o d;u;)j/C (i)ai)  (4)
i
where m, = n—ri-l, a; = n—ri—si—Z,
E; =m !/si!'di = (mi—ki)/ck(i) (4a)
C, (i) = b C.(i) = b .
k ry+ky+2° 73 r+j +2
. a,
1 - .
Q(i) = ..n_ [diCj(i) = (my-3;) |
Ji"o
37k

and Cj(i), Ck(i) are such no term in the denominator of (4)
vanishes. Now taking the joint pdf of u, and u where u

i
is in terms of X.,S such that

< < < < <
l < r, 85 re S, £n

and using the transofrmation w = uz/ui, we get the pdf of
w from (4), as

f(w) = E,E, : L (=1 /C (1) €y () Q(1)Q(2) |8, +d,w]
k;=0 k, =0

where ck(z),Q(z) are similar to Ck(i) and Q(i) in (4a).
Now consider p independent life tests and take the joint
density of wl,wz,...,wp, which can be written as

P pl 2 it (-1 it
N f(w,) = 0 (E z . (6)

) —
i=1 i=] | t=1 &nfo Ckunyut)BH]ﬂ%i%J '




The terms inside the braces in (6) are actually (5) in the
new notations. Ck(it), Q(it) are exactly Ck(i) and Qk(i)
only with i replaced by (it) with i =1,2,.., p; t = 1,2

(t runs within a life test while i runs among life tests).

For example, Ck(it) = br. k. 42" (6) can also be written
it it
as
- ; a,
P 2 __ (-1) it
f(zl’ZZ"””Zp) = 1 I (Eit) b 5
i=1 i=1 kit Ck(lt)Q(lt)dildiz(l+zl) .
6a)
Now make the transformations,
z; = yi/Ti—l’Ti = 1ty +...+y, (7)
i o= 1121--'lp'
From (7), we have
i
’I‘i = I (L + z.)
j=1 J
i=}1
Yy, = ZiTi—l =2z _E (1 + zj). (8)
=1
Noting the Jacobian of transformations as
p p-1
|[a] =1/ @m (1 + z.) (9)
i=1

and using it in (6a), we get the pdf of yl,yz,...,y as

a
P 2 it
-1) 1
E(Yyreuayy ) = I | T é g ___{
1 b L LT T 0GoC (it)d, 4,
i=1{ =1 ki, x 192 ) T1,...T szp
(10)

Terms dil’diZ in (10) correspond to di'dl in (5).

Tnh= exponential (10) represents a generalised Dirichlet-type



distribution since, if aje = O and Ck(it) = Cj(it)= 1,

i=1,2,...,p, t = 1,2, then all the sums in (10) vanish and
now we have

2

f(Y1'~-°'Yp) = 1/(174T Tp_lTp). | (11)

2...

Note now dil = m = m

il'~d12 = my, and Eit i t =1,2. The
pdf (1l1l) is a special case of the generalised Dirichlet
distribution of Lingappaiah [8] which is
a.-1 a -1 2a,-a 2a
L 1 p 1722 1P, “%p
f(ylyoc.;yp) - c yl ...yp /Tl ...Tp_l TP
(12)

P
where C = 1/ 1 ‘B(aj,aj) . It is easily seen that (1ll) is
i=1

(12) for a; =1, 1 =1,...,p. [ a's in (12) are different
from our a's here.] Actually by setting a; =0, we are
considering the ratios of two spacings in each of p tests.
Two such spacings in eaéh life test depend on Ti1+/T400
i=1,...,p, assuming that we are putting the same number
of items (ni=n, i=1,...,p) ih7eéch of the test.

3. RATIOS OF SUMS OF LCOS

Now consider the sum of LCOS within a test. That is,

2
z = I u, (13)
i=1
where u, is the LCOS corresponding to the i-th segment of
the 1life test. Similar to Section 2 by taking the charac-

teristic function of z and inverting, we get the pdf of
zZ as

L r 34 exp[-ed,z]
£(z) = | n (- B (14)
i=)] 1 1=1 k =0 Cx (D QDAL E)



a,
=m. (- - i i i
where E, mi,( 1) /srg, while m,,S; .8, and Q(i), Ck(l) as

in Section 2 with

Q(i,t) = R [¢;¢5(0)=(m=3)]

ct ot
M Ae
P =

o

Il

®)

\ (15)

Cj(t) = b m,= n-r,-1.

s o N4
rt+3t+2 t =

It is to be noted that Q(i) runs within a LCOS while Q(i,t)
runs among all other LCOS except i-th and further Q(i,t)
runs all over within the 2-1 LCOS other then i-th while
Q(i) runs only on ai-l values except ji=ki’ Now consider
the joint density of such sums of LCOS, each from (p+l)

independent life tests, which can be written as,

ptrl p+l
o e O PR Il P T 16)
o 0 T L RGY B g Tet) olan otat,6E) (16)
qi L
2
q 2 =1 a.
= — q i - o qls
where A(zq) 121 (Eqi) (-1) e (mqi)}( 1) /sg4

Ck(qi),cj(qi), Q(ki), Q(gi,qgt) are all similar to C, (1),
Cj(i), Q(i), and Q(i,t) with i replaced by (it). For
example, :

£ a
_ qt .
Q(gi,qt) = til 3 n_ [dqi J(qt (m - qt) ]
e#i 4t

d . = (m_.,-k_,)/C,(gi) C,(gi) = Db 6

qi gi Tgi k 4 k rqi+kqi+2, (16a)
C.(gqt) = b : , C.(ki) = b X

. Taetige*? J roitigst?
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Now make the transformations,

w; = zi/zp+1, i = ),2,.s:sDs wp+l = zp+1, (17) 
(Note the difference in notations, zi's, wi's from the
previous section.) Noting the Jacobian of transformation
is wp+1' and using this along with the transformations

(17) in (16) and integrating out‘wp+1, we get

- p+l
1 ) (n 8, J T(pHl)
P 9 i=1

£y Wyyenn W) = o Alzg) j_il kzi Y ewd o .d :
w :
. d 1 99ai Tptl(pH) iJ

q=

-

(18)

1
* G lgDofenala,q0) |

The expression (18) denotes another generalised Dirichlet-
type distribution. Because, if all Ck(qi)acj(qi)=l=cj(qt)
and a_ ;=0,q=1,...,p+l, i=1,..,;§q, then (18) reduces to

_ ; o1 | q q 1:1 8,] r(p+d)
f(wl,...,wp) = I E (mqi) E Fort o
Tl | i1 =21 " o m w.+~6_..m
1 i"q “ptl (pHl)
o
L -
1

" T . (19)

nq {m_.-m )

=1 HOat

t#4 ]

From (19), we have
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L
Soeed W, ee W)W, ., dw = T T (m .
o o % P P og=1|i=1 44 q g
m_s qt
e trl
t#L a3
- (20)

L

q L1 ,q

Now each of the sums £ in (20) is (-1) g //’H (m ) and
i=1 i=1 9

hence (20) reduces to unity. Again if Cy (gi) C (gi)=1 and

qqi#o, then (18) reduce to -

———d

. a -
rﬁ gi k ptl
. -1) B [ n 6, ) T(p+l)
5 pH q k i i=1
fWﬁ,..”w§)=; 1 [ak) £ = p‘l
a=1 i=l k_, [ = 0
i | I dqiw§6q (p+1)i p+l Q(qi,qt)
i=1 gl
- (21)
where d = (mqi - kql) and
Y ) T L3 "3 )] (21a)
i,qt) = I I ta . - -3 )
t#i 4t = s
ror example, if i=2, p=2, £.=2, m_;=7, m,=3, r ;=2, r ,=6,
sq1=5, sq2=l, g=1l,2,3. Then, we have aqi=l’ q=1,2,3, 1i=1,2

and (20) now reduces to

: k
3 4 1 gl ) i
7! 31,3 (-1) .
L Gp® 1| s ////}7—k ) (4k . +5 )
5 1 = Kql 1. gl “q2
ag=1 qui) quq)
k
1 1\, _4,g2 1 ‘
+ oz ‘L )( L) ///<;-k2) M (k) (22)
kq 2'—'0 g2 Jql=0

and (22) is equal to unity.



Comments: As in the previous section 2, here in (19) we
have the ratios of the sum of spacings from each of p life
tests to the sum of spacings in (p+l)-th life test, while
in (21) we have the ratio of the sum of the ristricted
ranges from each life test. That is, z in (13) represents
the sum of spacings if aqt=°' i=1,,..,2q: gel 2, 505 Pt
and similarly z represents the sum of ristricted ranges,
when aqifo and Ci(k)=cj(k)=l, where the ristricted range

for the segment i of test q is given by (x _g )= (x
' i qi qi
Q=1,2,...,p+1. Furtner 1t Is to be noted that we have

quite a large number of parameters in addition to

+l)

91'32""'ep+1' such as rqi'sqi' q=l,...,p+l; i=1,2,...,£q

and zq themselves. 1In addition to these, we can set dif-

ferent nq's, g=1,2,...,ptl, while we have taken here for

simplicity, nq=n. Of course, aqi' mqi depend in turn on
L

nq. sqi and rqi s. It may be of interest to discuss the

effect of the distances between a1 and a3 i#j, ¥=1,2,...,ptl,

1.j=1,2..-..2q and in turn the7§£fect of aqi's on E

Tl,...,Tp's(zq=2) and also on z's in Section 3. Also, it

is to be observed, thi t our transformation.zi=yi/Ti_1'

and in turn Yy = 23 n (l+zj) denotes the function of
=1

z's similar to the concept of "force of mortality"” mentioned
in Lochner [11] .
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