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Abstract

In this paper, the problem of aggregation Markov chains has been
considered. The necessary and sufficient conditions of the transition
probability matrix of the original Markov chain to be a doubly stochastic
matrix when the transition probability matrix of the lumped chain was
doubly stochastic have been given for the lumping Markov Chain for all
(certain) partitions within isomorphic with respect to the cases (k, k+1),
(k, k+2) and (2, k). Also, special cases have been introduced for each

case, for each partition.
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Introduction

In (1958), C.J.Burke and M.Rosenblatt gave a necessary and
cient condition for the lumped chain Y(¢)*~ =~ ~ "M==t Th% R

original Markov Chain X(r)is a reversibl

is a continuous time Markov process. |

On Do
assary and sufficient condition for Y(1)1
Where,
'has a continuous time parameter. So, Bc .
ieffer's condition. He gave necessary an 1- 24 =L 3
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an exponential type process to be Markov. A.Moneim and F.Leysieffer
(1984) gave conditions for Y(/)to be a Markov Chain when X(f)is not

irreducible. These conditions are given in terms of an interrelationship

between two partitions of the state space of the Markov Chain.X(r).

R.V.Erickson (1970), determined necessary and sufficient conditions
under which an arbitrary finite state process is a combining state result
of a Markov Chain. A.B.Volidis (1985) gave the sufficient conditions

for{(P,4)=P", where Pis the transition probability matrix (t.p.m) of an
absorbing Markov Chain X () and P’is the t.p.m of the lumped process
Y(r) which is also an absorbing chain. He expressed the fundamental
matrix of Y(r)in terms of the fundamental matrix of the original
chaiﬁ X(t). Peng (1996) obtained the necessary and sufficient condition

for weak lumpability and the characterization of the set of initial starting
vectors which make it lumpable, under a mild condition I'on the
transition probability matrix. Also, a similar result is obtained for those
transition probability matrices without the restriction of conditionTI".
Ping (2004) presented an analysis of the convergence behavior of
Markovian iteration matrices that is for an irreducible and homogeneous
Markov Chain a necessary and sufficient condition for convergence in
one iteration is that the iteration matrix have rank one. Also, he
investigated the relationship among lumpability, weak lumpability,
quasi-lumpability and near complete decomposability. Jacobi and
Gornerup (2007) presented the necessary and sufficient conditions for
identifying strong lumpability in Markov Chains. They showed that the
states in a lump necessarily correspond to identical elements in
éigjenvectors of the dual transition matrix.
Assume that Y(r)is the result of an a

iin X(r)of higher dimension under given |
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| unknown t.p.m Pwith tp.m P which is

S pe=3p, =1 p,20, Vi,j). So, in the References
k k :

1- Abdel Moneim,A.M. and
For non-lrreducible Mar
- 574).

2- Boudreau,P.E. (1968),"

Exponential Type Proce

oduce the necessary and sufficient condit
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t.p.m Pwhere /(P,4)=P’to be a doubly stochastic matrix for all and

certain partitions within isomorphic.

2. The General Case m=k, n=k+1

In this case, we have just only one partition within isomorphic
take the form:

A ={L{2}. Lk k+1})
The t.p.m of the lumped chain Y (1) will be,

ay ap ay
y Ay ... Gy

P = Lo h (2.1)
Ay gy Ay

Where, > a, => a, =1, a, 20, Vi,j
k k

The form of all transition matrices P of the Markov Chain X(¢)of

order(k+1)x (k +1), where #(P, 4) = P will be,

ay ay ... Aa, Ay A
y Ay ... Ayay, A @ai
P = ; (2.2)
Ay Ay ... Agay j'k(kﬂ)akk
|9 Qo - ’1(k+|)k Ay /?‘(k+l)(k+l)akk i

k+1
Where, > 1, =1, Vi=12,..,k

J=k
Since, the t.p.m P’ is a double stochastic matrix, then after very

simple steps the necessary and sufficient conditions for the t.p.m Pto

be a double stochastic matrix will be:

k-1
>a; =1, j=12,..,k-1
1

!

+

ko

a

0, Vi=12,..,k-1e>a,=0, Vi=12..,k-1 & Vj=kk+1|(2.3)

=3

L g
)
=
I
=
S

Vi=12,..k-1ea,=0, Vj=12.,k-1 & Vi=kk+l

.Z/’l,_r :Z;L/U- =1, Vf,_].:k,k'f'l
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Therefore, the form of all t.p.m P where P is a double stochastic matrix
can be written in the form: '

R O
P= 2.4
’:O' T} (24)
Where,
ay Ay e Gy )
1) R= ay, Ay oo Oyuey
Q- -ty o0 Cpeatye-n Ce=IYk—1) >
2) Ois the zero matrix of order (k—1)x2 (2.5)
3) T={ Ay A ity }
Ak Aanye) (2xd) J

2.1 The Special Case m=4, n=5

The form of the t.p.m P such that ¢(P, 4) = Pis:

4 4
Where, Za,k = Za,g =1, a,20, Vi,j

k=1 k=1
So, the form of all double stochastic t.p.m P will be:
ay ap a3 0 0]
ay Gy Gy 0 0
P=l\a, ay, a; O 0
0 0 0 A, A4
0 0 0 A, As]

3. The General Case m=k, n=k+2

In this case, we have only two partitions within isomorphic:
A =0 ek +1k+2}
A, = {2 - Labfk+ Lk + 2}

Where, k> 3.

The Egyptian Statistical Journal Vol.52, No.1, 2008
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The t.p.m P’ of the lumped chain Y(7) will take the same form as in
equation (2.1).
The form of all transition matrices P of the Markov Chain X(¢)of

order(k +2)x (k +2), where £(P,4,) = P will be,

ay Ay . Ay, Ay @i sy
Ay Ay . Ayay, Atian @i Aaey P
P Es ’ (3.1)
Ay Gy - Ayay ;Lk(kﬂ)akk /‘Lk(ku)akfc
A A Acksiyk Qs Ao @ Aeriyns) Vi
|9 92 A2y B Alieraynsn Ve )“(k+2)(k+2}akk_

k+2
Where, > 1, =1, Vi=12,...k

J=k

a- The partition 4 ={{},{2}.....{.k+1,k+2}

The necessary and sufficient conditions for the t.p.m P to be

A double stochastic matrix with respect to the partition A, within

isomorphic will be:

k-1 \
1= Ya, =1, J=12,...%k=1
i=1
k+2
2->a,=0, Vi=12,..,k-1,&
j=k
a; =0, Vi=12,..,k-1 & Vj=kk+1L,k+2 } (3.2)
k+2
3-a,=0, Vi=12,. k-1,
i=k .
a,=0, Vi=12,...,k-1 & Vi=kk+1,k+2
4-> A4, =>4, =1 Vij=kk+Lk+2 J

Therefore, the form of all t.p.m P where P is a double stochastic
matrix can be written in the form:

R O
P:[O' T} (33)

The Egyptian Statistical Journal Vol.52, Ne.1, 2008
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Where,
1) Ris the same matrix as in (2.5).

2) Ois the zero matrix of order (k—1)x3

’q’kk /’{’k(kﬂ)
3) T= ;"(k+])k

’1(k+2)k

A‘k(k+2)
A‘(k+l)(k+l) j“(icw\])(}:+2)

}“(k+2}(k+1} }’(k+2)(k+2) (3x3)

3.1 The Special Case m=3, n=5

The form of the t.p.m P’ such that £(P,4,)=Pis:

ay 4y Gy
"
P =l|ay a, ayn

dy Ay . 4y

3 3
Where, > a, =D a, =1 a,20, Vi,j

k=1 k=1
So, the form of all double stochastic t.p.m P will be:

a, a, 0 0 0]

b- The partition 4, ={{1},2},....{k- Lk} {e+Lk+ 2}}

(3.4)

(3.5)

The form of all transition matrices P of the Markov Chain X(¢) of

order (k +2)x (k +2), where £(P, 4,) = P"will be,

I ay i ﬂ“l(knnal(:{—l) A Oy
ay ay Ay ae-n) Aok @agpy
P=la,.,y Guan
Aoy G2 ﬂ“k(k—l)a(k«])(k—l) ’lkka(k—i){k—l)
ap Qya Agetye-1) Pk (k1) ;°(k+1)kak(k—1)
| % Qyy Acreazyi—1y@kir-1) Ak Bagk-1)

Angeany @k

Aoy P2

Ao ties1y@ -ty
ﬂ’(k+l)(k+l)aldt

'?-(k+2)(k+1)akk

}ﬂ(nz)a:k
A2y Pak

Aty i-yk-1) A3k @ k-1yk-1) ﬁ'(k—l)(hl)a(k—l)k z’(k—l)(k+2}a(k-—])k

z‘k(k+2)a(k-l}k

’l(k+1)(k+2) ay

’1'(&+2xk+2)au: i

The Egyptian Statistical Journal Vol.52, No.1, 2008
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Where,

A

1

1, Vi=12,...

Ma—
QII

=

J=k-
2

= 1
+

g

Ay =1 Vi=12,..
J=k+1

(3.6)

The necessary and sufficient conditions for the t.p.m Ptobe a

double stochastic matrix with respect to the partition A, within

isomorphic will be:

2

1- ) a, =],

k=2 & Vj=k-1k

k-2,

k=2 & Vi=k-Lk

k k+2
4-3 4, =>4 =1 Vji=k-Lkk+Lk+2
i=k-1 i=k+1

(3.7)

Therefore, the form of all t.p.m P where P is a double stochastic

matrix can be written in the form:

R O
P=
o 1]

Where,

a,, a, Ayk-2)
a a a
21 22 2(k-2
1) R= o
Qeap Q=22 Ak-2)0k-2) Jg-2yk-2)

2) Ois the zero matrix of order (k-2)xk

;L{k—l)(k-l)a(k—!){k—l) j’(k»l)ka(k-l)(k—l) Aoty k- A(fc—l)(kn)a(k-l)k

A=ty @ -1k A Qigetye—n) Areen @e-nk )“k(hz)a(k—l)k

3)" T =

j’(kﬂ){k—l)ak(k—]) ;l"(k+])k Qpk-1y ’l(k+l)(k+])akk ;“(k+1)(k+z)aick

j‘{k+2}{k41)ak(k—l) ;L(k»fz):c Ayk-1) '1(.':+2)(k+1)akk ﬂ'(k+2)(k+2)akk

» (3.8)

(4x4)

J
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3.2 The Special Case m=4, n=6

The form of the t.p.m P’ such that ¢(P,4,)=P" is:

ay  dy 4y

4 4
Where, > a, =Y a, =1 a,20, Vi,j

k=1 k=1

a]4

So, the form of all double stochastic t.p.m P will be:

0
0

a4 0
ay ayp 0
p= 0 0 Apay Ayay
0 0 Zdyay Ayas
0 0 Aga; Agay
| 0 0 Apay; Auls

4. The General Case m=2, n=k "For a certain partitions"”

0 0 ]

0 0
Aysyy  Aggls,
Ay Agsliny

Ass@qy  AsgQyy

AgsQys AseQaa ]

In this case, we have two partitions within isomorphic:

A= {23, &}
Az = {{1,2}, {3,- ey k}}

Where, k= 2.

The t.p.m P’ of the lumped chain Y(¢) will be:

dy  dy

2 2
Where, > a, = Zakj =1, @20, Yij

k=1 k=1

|

(3.9)

(4.1)

The form of all transition matrices P of the Markov Chain X () of

order (kx k), where £(P,4,) = P will be,

a,  Anap

Ay Ay Gy
P=lay, Aay

Ay Anay

Ay,
Ayy Gy

Apay,

A2l

’11(1::-1)“12
22(k—-])a22
ﬂ’A(Ic—l)azz

’lk(k-i)azz i

(4.2)

The Egyptian Statistical Journal Vol.52, No.1, 2008
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k=1
Where, > 4, =1, Vi=12,...,k
Jj=1

a) The partition 4 ={{i}.{23,...k}}

The necessary and sufficient conditions for the t.p.m Pto be a

double stochastic matrix with respect to the partition 4, within

isomorphic will be:

1-a,=1<4a,=00a, =0 a,, =1
2- YA, =2 4,=1 4 20Vij (4.3)

Therefore, the form of all t.p.m P where P is a double stochastic matrix

can be written in the form:

P = i © (4.4)
o T\~
Where,

1) 1=[1] \

2) Ois the zero matrix of order 1x (k1) - (4.5)
’121 j'22 22(::-\) >

3) T = ’131 /1'32 /73(&—1)
;“kl ﬂ'kz ’1&(:«-1) (k=1)(k=1) J

b) The partition 4,={{1,2},3,....k}}

The form of all transition matrices P of the Markov Chain X (f)of

order(kx k), where £(P, 4,) = P"will be,

"/111‘711 Anty Anay . Auay,
Anay  Apay  Apay ... Ayay

P=2nay Apa, Apay ... A3 | (4.6)
_R‘klazl Aaly Ay ... 'akkazz_

The Egyptian Statistical Journal Vol.52, No.1, 2008
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Where,

=1, Wi=lZimk
1, V

i=12 .0k

2
>4,
Jj=

k
>4,
i=3
The necessary and sufficient conditions for the t.p.m Ptobe a

double stochastic matrix with respect to the partition 4, within

isomorphic will be:

1-Y 4, =1, V=12...k (4.7)

e~
Il

k
2-3 4, =1, Vj=12,...k

i=3

4.1 The Special Case m=2, n=4
(i) The partition_ /4 = {{1},{2.3.4}}

The form of the t.p.m P’ such that £(P,4,) = P*will be the same as
in (4.1). So, the form of all double stochastic t.p.m P will be:

1 0 0 0
Phess 0 Ay An An
0 Ay Ap An
0 Ay An Ay

Where, Z/l,-r =Z;L’Tf = 1, }Ly‘ Z 0>VI9}

(i) The partition_ 4, =1{{1.2},{3.4}}

The form of the t.p.m P such that {(P,4,) = P"will be the same as

in (4.1). So, the form of all double stochastic t.p.m P will be:

Anay Apay A3y, Mg

Anay  Apay Aty Auth

Aqly Aty Ay Agyn
An@y ~ Aply Ay Al

The Egyptian Statistical Journal Vol.52, No.1, 2008
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Where,
2
1- > 2, =1, ¥j=1234
i=l
4
2- >4, =1, Vj=1234
i=3
5. Summary

In this paper, we concerned with the transition probability matrix
of the lumped Markov Chain Y(f) when it was a double stochastic

matrix. The necessary and sufficient conditions of the parameters (the
values of the transition probability matrix of the original Markov Chain)
have been obtained that leading to a doubly stochastic matrix of the
transition probability matrix of the original Markov chain X ().

We represented the transition probability matrix P of X(r)as a matrix

of partition matrices with different dimensions according to the partition
of the states within isomorphic. It can be shown that a part of the
conditions were related to the parameters while the other parts of the
conditions were depending on the probabilities of the transition
probability matrix of the lumped Markov Chain Y(¢). Furthermore, the
conditions can be derived according to the partition of the states as we
have seen in section (4.1 (i)).

A possible future work plan is to discuss the necessary and the
sufficient conditions of the transition probability matrix of the original
Markov chain X(/) to be a doubly stochastic matrix if the transition

probability matrix of the weakly lumped Markov chain was doubly
stochastic matrix.

The Egyptian Statistical Journal Vol.52, No.1, 2008
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t.p.m Pwhere {(P,4)=P'to be a doubly stochastic matrix for all and

certain partitions within isomorphic.

2. The General Case m=k, n=k+1

In this case, we have just only one partition within isomorphic

take the form:
A =2} k1l
The t.p.m of the lumped chain Y (¢)will be,

a, 4y ... dy
Ay Ay ... dy

P = Lol L (2.1)
By T == Oy

Where, > a, =Y a, =1, a,20, Vi, j
k k

The form of all transition matrices P of the Markov Chain X(¢)of

order (k +1)x (k +1), where {(P, 4) = P will be,

ay Ay ... Aay Aoy @ik -l
Ayy Wy e Ayl A’z(k+l)a2k
Pl e ws owas i (2.2)
Ay Ay - Al At Pk
|9 Y2 o Aks1ye ik jL(k+1)(k+1)akfc ]

k+1
Where, > 4, =1, Vi=12,...k

J=k
Since, the t.p.m P’ is a double stochastic matrix, then after very
simple steps the necessary and sufficient conditions for the t.p.m Pto
be a double stochastic matrix will be:

g
1

k-1 }
1- d a, =1, j=12,...,k-1 _

]

k+1

2-» a,=0, Vi=12,. ,k-1<a, =0, Vi=12,...k-1 & Vj=kk+1|(2.3)

k+l
3-Ya,=0, Vj=12,..,k-1a,=0, V=12,..k-1 & Vi=kk+]

43 A, =2 Ay =1, Vi, j=kk+]
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Therefore, the form of all t.p.m P where P is a double stochastic matrix

can be written in the form:

R O
P = i (2'4)
o T
Where,
an ap N Y 1
1) R= ay, ay Do)
G- g1y De-1k-1 | eoryany >
2) Ois the zero matrix of order (k—1)x2 (2.5)
3) T =[ A ;bk(m) }
)“(rm)k ’l(k+1)(k+1) (222 j

2.1 The Special Case m=4, n=5
The form of the t.p.m P’ such that /(P,4)=P'is:

ay G G5 ay
o y Gy Gy Gy
dy dyp 4y dy
Ay G Gy Gy

4 4
Where, Za,k = Zakj =1, a,20, Vi,j

k=1 k=]

So, the form of all double stochastic t.p.m P will be:

[a, a, a; 0 0 |
ay Gy ay O 0
P=lay ayp a; 0 0
0 0 0 A, A4
(0 0 0 A, A

3. The General Case m=k, n=k+2

In this case, we have only two partitions within isomorphic:
A= 2). ek + Lk +2})
A, =00 -1 a e+ 1,k + 2}
Where,k > 3.

The Egyptian Statistical Journal Vol.52, No.1, 2008
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The t.p.m P’ of the lumped chain Y(¢) will take the same form as in

equation (2.1).

The form of all transition matrices P of the Markov Chain X(¢)of

order(k +2)x (k +2), where £(P,4,) = P will be,

a, 4y
4y Aap
P =
Ay G
A G
| % G2

k42

Where, > 4, =1, Vi=12,...k
i=k

A9y

o

A

Atkesryi O

Ay @ik

Aoty Pax

;"*k(m)akk

’T'(k+1)(k+1)akk

5
sy @i

)“Z(k+2)a2k

lk(ku)akk

Akoryes2y ik

mm 2‘(k+2)(k+l}aklc 2(k+2)(k+2)akk_

a- The partition 4 ={{1}.{2},....{k.k + 1k +2}}

, (3.1)

The necessary and sufficient conditions for the t.p.m P to be

A double stochastic matrix with respect to the partition 4 within

isomorphic will be:

k-1
1- Zay =1,

i=]

k+2

3-2 a; =0,
ik

Vi=12,..,k-1,o

a, =0, Vj=12,...k-1 & Vi=kk+1k+2

4-> 2, =>2,=1, Vi, j=kk+Lk+2

> (3.2)

Therefore, the form of all t.p.m P where P is a double stochastic
matrix can be written in the form:

|

R O
o T

(3.3)
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Where,

1) Ris the same matrix as in (2.5).

2) Ois the zero matrix of order (k—-1)x3 (3.4i

A /lk(;m) /lk(}c+2)
) T= )‘(kn)k A‘(k+l){k+1) ;"(k+1)(k+2)

3'(;“2)1: ﬂ“(:cn)(km ;i'(k+2)(k+2) (343)

3.1 The Special Case m=3, n=5
The form of the t.p.m P’ such that {(P,4,)= P'is:

(3.5)

3 3
Where, Zam :Zakf =1, a; 205 Vi, Jj
k=1

k=1
So, the form of all double stochastic t.p.m P will be:
a, a, 0 0 0
ay ap 0O 0 0

P={0 0 Ay A A
0 0 Ap A s
0 0 Ay Ay Ass

b- The partition 4, ={{}%}....{k- Lk} e+ 1Lk +2}
ces P of the Markov Chain X ) of

The form of all transition matri

order (k +2)x (k +2), where /P, A,) = P"will be,

[ ay, Ay e Ayge-1yPige-1y A Qi) gesny@ik )1(k+2)alk )
ay Ay e Ayt @ae-n) A By Aokenyd2k AyiernyBak
P=|agan Q-2 - Adgeiyie-ny @ (r=1y(k-1) A1y -1k ﬂ’(k—l)(kﬂ)a(k—l)k ‘l(k—l)(k+2)a(k—l)k
Ay G- ’1:‘(&-1)‘1@4)(&-1) A B g-1k-1) Aresy A1)k Aes2y@k-1)k
an Ay oo Agan@ecen Atesiyk g1y Agestyesn P Aresiyhs) Pk
| % Ay oo Ak r2yk-n @ kie-1) Aiesyk g1y Aderayiean P Asayirn Pk

The Egyptian Statistical Journal Vol.52, No.1, 2008




On Double Stochastic Lumped Markov Chains

50

‘ (3.6)

The necessary and sufficient conditions for the t.p.m Ptobea

double stochastic matrix with respect to the partition 4, within

isomorphic will be: ]

2

1- Y a, =1, j=12,..

" \

i=l

k
2-Ya,=0, Vi=12,...k-2,&
J=k-1
a, =0, Vi=12,..,k-2 & Vj=k-1k J (3.7)

k
3-Ya,=0, Vji=12..k-2,&
i=k=1

a, =0, Vj=12,..k-2 & Vi=k-Lk
k k+2

4-;%:;%:1, Vj=k-Lkk+1Lk+2 )
i=k-1 i=k+

Therefore, the form of all t.p.m P where P isa double stochastic

matrix can be written in the form:

R O
P
o 7l

Where, \
& i k-2
1) R= G I P2k-2)
Q(k-201 Ak-2)2 Qr-2)k-2) e=2)(k=2)
2) Ois the zero matrix of order (k-2)xk >(3_3)
3) T-_ ;lak(k—])a(k—l){k_]) ’q’kka(k—l)(k—l) ﬁk(k+‘]a(‘,{_i)k j’k(hz)a(k-l)k
;L(Hl)(k-l)ak(k—l) ﬂv(m)k Qe (k-1 A’(hn(fm)akk ;L‘(k+1)(k+2)akk
j.«(k+2)(k-l)ak{k-1) /“L(m}kak(H) ﬂ(hz}(hna“ ﬁ'(k+2)(k+2)akk _
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3.2 The Special Case m=4, n=6

The form of the t.p.m P’ such that ¢(P,4,) =P is:

P = : (3.9)

4 4
Where, > a, =Y a, =1, a, 20, Vi,j

k=1 k=1

So, the form of all double stochastic t.p.m P will be:

r T

& B 0 0 0 0
dy; s 0 0 0 0
p= 0 0 Ayuayy Aayy Ays@y Ageas,
0 0 Apay Auas AsGy Al
0 0 Agay Auay Ay Asay
0 0 Apay Auly;  Agly Ay i

4. The General Case m=2, n=k "For a certain partitions"

In this case, we have two partitions within isomorphic:

A = {23, &}
A, ={L2}3....k}}
Where, k>2.
The t.p.m P’ of the lumped chain Y(¢) will be:
L |:ai1 a]2i| (4.1)

a4y dp

2 p
Where, > a, =Y a, =1, a,20, Vi,j

k=1 k=l

The form of all transition matrices P of the Markov Chain X (r)of
order(k x k), where /(P, 4,) = P"will be,

ay Anay  Apa, . ’L(k—l)alz
Ay Ay Gy Aply .. j?(k—])an

P=|a, A0y, Anay ... ’la(k-l)azz

(4.2)

Ay Aply  Apdy ... j-;rc(k-l)azz_
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k-1
Where, 3 4, =1, Vi=12,. .k
J=1

a) The Dartition‘ A =114£3,...k}

The necessary and sufficient conditions for the t.p.m Pto be a

double stochastic matrix with respect to the partition A, within

isomorphic will be:
1-a,=1aq, =0e=a,=0sa, =1
2- DA, =2 Ay =1, 2,20,V (4.3)

Therefore, the form of all t.p.m P where P is a double stochastic matrix
can be written in the form:

I
29 »
o T
Where,
1) 7=]1] }
2) Ois the zero matrix of order 1x (k=1 (4.5)
/121 /122 ')"2(1:-1)
3) T = )L.n ’132 /lj(k—l)
‘Z’fcl /1;(2 ;Lk{k—l) (k=1)(k-1)

b) The partition 4, - {{.2} B,....k}}

The form of all transition matrices P of the Markov Chain X(r)of

order(kx k), where {(P, 4,) = P" will be,

r ' 7
Aay, A4y, Aty . Aayy
Anay, Anay, Apay, ... Ay,
P= An@y  Agay, Aply ... Ay @y |, (4.6)
L';!’kla.?l Aaly Aty ... 'J“kkazzj
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A =1 Vi=12,...k

The necessary and sufficient conditions for the t.p.m Ptobe a

double stochastic matrix with respect to the partition 4, within

isomorphic will be:

1- ZJL,.J

=l

11

1, Vi=12,...k (4.7)

2

k
2-> 4, =1, Vj=12,..k

4.1 The Special Case m=2, n=4
(i) The partition 4, = {{1},{2,3.4}}

The form of the t.p.m P’ such that £(P,4,) = P’ will be the same as

in (4.1). So, the form of all double stochastic t.p.m P will be:

1 0 0 O
p= 0 Ay Ap An

0 4y 4y Az

0 Ay An An

Where, > 4, => 4, =1 4, 20,Vi,j

(i) The partition_ 4,= {{1.2},{3.48

The form of the t.p.m P such that 4(P,4,) = P'will be the same as

in (4.1). So, the form of all double stochastic t.p.m P will be:

Anay Apay Azl gy
Anay  Anay @y Auly

Ag@y  Apdy 3@y Agylp

Ap@y Ay Aply Ay
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Where,

2
1- D4, =1, Vj=1234

4
2- Y A, =1, Vi=1234

i

5. Summary

in this paper, we concerned with the transition probability matrix

of the lumped Markov Chain Y(1) when it was a double stochastic

matrix. The necessary and sufficient conditions of the parameters (the
values of the transition probability matrix of the original Markov Chain)
have been obtained that ieading to a doubly stochastic matrix of the

transition probability matrix of the original Markov chain X(¢).
We represented the transition probability matrix P of X(t)as a matrix

of partition matrices with different dimensions according to the partition
of the states within isomorphic. It can be shown that a part of the
conditions were related to the parameters while the other parts of the
conditions were depending on the probabilities of the transition
probability matrix of the lumped Markov Chain Y(7). Furthermore, the
conditions can be derived according to the partition of the states as we
have seen in section (4.1 (i))-

A possible future work plan is to discuss the necessary and the
sufficient conditions of the transition probability matrix of the original

Markov chain X(/) to be a doubly stochastic matrix if the transition

probability matrix of the weakly lumped Markov chain was doubly

stochastic matrix.
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